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Theory of dirty superconductors
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In superconducting grains, superconductivity disappears when the mean level spacing between different electronic states 

becomes greater than the superconducting gap

𝝂 𝚫 𝑳𝟑 > 𝟏Anderson criterion for superconductivity : 
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Superconducting fluctuations

Thermal fluctuations ψop = ∆ 𝑻 𝒆𝒊𝝋 𝑻

A. Larkin and A. Varlamov,

Theory of fluctuations in superconductors, 

Oxford University Press (2006)



Superconducting fluctuations

Thermal fluctuations

Amplitude fluctuationsT > Tc

ξ(T)

τ =
π ђ

8 kB(T − Tc)

ψop = ∆ 𝑻 𝒆𝒊𝝋 𝑻

A. Larkin and A. Varlamov,

Theory of fluctuations in superconductors, 

Oxford University Press (2006)



Superconducting fluctuations

Thermal fluctuations

Amplitude fluctuationsT > Tc

ξ(T)

τ =
π ђ

8 kB(T − Tc)

T >
∼ Tc Amplitude and phase fluctuations

ξ(T)

ψop = ∆ 𝑻 𝒆𝒊𝝋 𝑻

A. Larkin and A. Varlamov,

Theory of fluctuations in superconductors, 

Oxford University Press (2006)



Superconducting fluctuations

Thermal fluctuations

Amplitude fluctuationsT > Tc

ξ(T)

2D : Berezinskii – Kosterlitz - Thouless

τ =
π ђ

8 kB(T − Tc)

T >
∼ Tc Amplitude and phase fluctuations

ξ(T)

ψop = ∆ 𝑻 𝒆𝒊𝝋 𝑻

A. Larkin and A. Varlamov,

Theory of fluctuations in superconductors, 

Oxford University Press (2006)



Superconducting fluctuations

Thermal fluctuations

Amplitude fluctuations

δTc
Tc

~ Gi(d) ∼
1

ν 𝑘𝐵Tc 𝜉0
𝑑

2
4−d

ν Δ ξloc
3 ~ 1

T > Tc

ξ(T)

ξ0~ξloc

Gi(3)∼ 80
𝑘𝐵𝑇𝑐
EF

4

~ 10−12 − 10−14

Gi(2) ∼
𝑒2

23 ђ
𝑅⧠

Clean 3D superconductor :

Dirty 2D superconductor :

Gi~1

2D : Berezinskii – Kosterlitz - Thouless

τ =
π ђ

8 kB(T − Tc)

T >
∼ Tc Amplitude and phase fluctuations

ξ(T)

ψop = ∆ 𝑻 𝒆𝒊𝝋 𝑻

3D localized superconductor :

A. Larkin and A. Varlamov,

Theory of fluctuations in superconductors, 

Oxford University Press (2006)



Superconducting fluctuations

Thermal fluctuations

Amplitude fluctuations

δTc
Tc

~ Gi(d) ∼
1

ν 𝑘𝐵Tc 𝜉0
𝑑

2
4−d

T > Tc

ξ(T)

Gi(3)∼ 80
𝑘𝐵𝑇𝑐
EF

4

~ 10−12 − 10−14

Gi(2) ∼
𝑒2

23 ђ
𝑅⧠

Clean 3D superconductor :

Dirty 2D superconductor :

 Disorder drastically enhances thermal fluctuations

2D : Berezinskii – Kosterlitz - Thouless

τ =
π ђ

8 kB(T − Tc)

ν Δ ξloc
3 ~ 1 ξ0~ξloc Gi~1

T >
∼ Tc Amplitude and phase fluctuations

ξ(T)

3D localized superconductor :

ψop = ∆ 𝑻 𝒆𝒊𝝋 𝑻

A. Larkin and A. Varlamov,

Theory of fluctuations in superconductors, 

Oxford University Press (2006)



TIN Superconductor-Insulator transition

T. I. Baturina, et al.PRL 99, 257003 (2007)
Sacépé et al., PRL 101, 157006 (2008)

0,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0
0

1

2

3

4

5

6

7

8

 

 

R

 [

k


]

T [K]

 TiN 1

 TiN 2

 TiN 3

TiN



TIN Superconductor-Insulator transition

Sacépé et al., PRL 101, 157006 (2008)

0,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0
0

1

2

3

4

5

6

7

8

 

 

R

 [

k


]

T [K]

 TiN 1

 TiN 2

 TiN 3



TIN Superconductor-Insulator transition

Sacépé et al., PRL 101, 157006 (2008)



TIN Superconductor-Insulator transition

Sacépé et al., PRL 101, 157006 (2008)



Superconducting fluctuations

Quantum fluctuations

K.B. Efetov,

Phase transition in granulated superconductors, 

JETP 51, 1016 (1980)

K.A. Matveev and A.I. Larkin

Parity effect in ground state energies of ultrasmall superconducting grains, 

Phys. Rev. Lett. 78, 3749(1997)

ψop = ∆ 𝒆𝒊𝝋



Superconducting fluctuations

Quantum fluctuations

∆N ∆φ >
1

2

K.B. Efetov,

Phase transition in granulated superconductors, 

JETP 51, 1016 (1980)

K.A. Matveev and A.I. Larkin

Parity effect in ground state energies of ultrasmall superconducting grains, 

Phys. Rev. Lett. 78, 3749(1997)

N,𝜑

D

EJ =
h π Δ

8 e2 Rt
th(

Δ

2T
)

Ec = 
e2

4 π ϵ0D

δ =
1

ν 𝐷3

ψop = ∆ 𝒆𝒊𝝋

δ =
1

ν 𝜉𝑙𝑜𝑐
3



Superconducting fluctuations

Quantum fluctuations

∆N ∆φ >
1

2

K.B. Efetov,

Phase transition in granulated superconductors, 

JETP 51, 1016 (1980)

K.A. Matveev and A.I. Larkin

Parity effect in ground state energies of ultrasmall superconducting grains, 

Phys. Rev. Lett. 78, 3749(1997)

N,𝜑

D

EJ =
h π Δ

8 e2 Rt
th(

Δ

2T
)

Ec = 
e2

4 π ϵ0D

Gallium

H. M. Jaeger, et al.

Phys.Rev.B 34, 4920 (1986)

ψop = ∆ 𝒆𝒊𝝋

δ =
1

ν 𝐷3

δ =
1

ν 𝜉𝑙𝑜𝑐
3



Superconducting fluctuations

Quantum fluctuations

∆N ∆φ >
1

2

K.B. Efetov,

Phase transition in granulated superconductors, 

JETP 51, 1016 (1980)

K.A. Matveev and A.I. Larkin

Parity effect in ground state energies of ultrasmall superconducting grains, 

Phys. Rev. Lett. 78, 3749(1997)

N,𝜑

D

EJ =
h π Δ

8 e2 Rt
th(

Δ

2T
)

Ec = 
e2

4 π ϵ0D

Gallium

H. M. Jaeger, et al.

Phys.Rev.B 34, 4920 (1986)

2D Monte Carlo calculation

   0 ,

, , ,

. .i j i i

i j i

H t c c h c V n  
 



 

     

int i i
i

H n n
 

  

K.A. Matveev and A.I. Larkin

Parity effect in ground state energies of ultrasmall superconducting grains, 

Phys. Rev. Lett. 78, 3749(1997)

ψop = ∆ 𝒆𝒊𝝋

δ =
1

ν 𝐷3

δ =
1

ν 𝜉𝑙𝑜𝑐
3



Superconducting fluctuations

Quantum fluctuations

∆N ∆φ >
1

2

K.B. Efetov,

Phase transition in granulated superconductors, 

JETP 51, 1016 (1980)

K.A. Matveev and A.I. Larkin

Parity effect in ground state energies of ultrasmall superconducting grains, 

Phys. Rev. Lett. 78, 3749(1997)

N,𝜑

D

EJ =
h π Δ

8 e2 Rt
th(

Δ

2T
)

Ec = 
e2

4 π ϵ0D

Gallium

H. M. Jaeger, et al.

Phys.Rev.B 34, 4920 (1986)

2D Monte Carlo calculation

   0 ,

, , ,

. .i j i i

i j i

H t c c h c V n  
 



 

     

int i i
i

H n n
 

  

Δp = 
δ

2 ln
δ

Δ

K.A. Matveev and A.I. Larkin

Parity effect in ground state energies of ultrasmall superconducting grains, 

Phys. Rev. Lett. 78, 3749(1997)

∆ = 1.76 kB Tc

Eg = ∆ + ∆p

Parity gap

ψop = ∆ 𝒆𝒊𝝋

δ =
1

ν 𝐷3

δ =
1

ν 𝜉𝑙𝑜𝑐
3



Coulomb depairing in disordered superconductors

A.M Finkelstein

Pis’sma Zh. Esk. Theor. Fiz., 45, 46 (1987)



Coulomb depairing in disordered superconductors

A.M Finkelstein

Pis’sma Zh. Esk. Theor. Fiz., 45, 46 (1987)
R. A. Smith, M.Y. Reizer, and J. W. WIlkins

Phys. Rev. B  51, 6470(1995)



Coulomb depairing in disordered superconductors

A.M Finkelstein

Pis’sma Zh. Esk. Theor. Fiz., 45, 46 (1987)
R. A. Smith, M.Y. Reizer, and J. W. WIlkins

Phys. Rev. B  51, 6470(1995)

 Short range Coulomb interaction continuously decreases Tc and Δ in the same proportion
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Superconductor-insulator transition : two scenarios
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 Continuous decrease of T
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 Cooper pairing suppressed at the SIT

 SIT due to phase fluctuations

 Cooper pairs localized in grains

Granular filmsAmorphous films

Superconductor-insulator transition : two scenarios
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Thermal dependence of the Density of States

Pseudogap above Tc

 Pseudogap is due to pre-formed Cooper pairs
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Pseudogap above TcInOx
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Thermal dependence of the Density of States

Pseudogap above TcInOx

B. Sacépé et al., Nat. Phys. (2011)

 Spectra without coherence peaks are the signature of localized pre-formed Cooper pairs
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Point-Contact Andreev Spectroscopy

InOx film far from the Superconductor-Insulator Transition : Tc = 3.5K

InOx

• Homogeneous

• No pseudogap
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Superconductivity , disorder, Coulomb interaction and localization

Disorder & Localization :

 Tc decreases faster than  with disorder : huge  /Tc ratio
 Parity gap
 Strong spatial fluctuations of 

 Localized Cooper pairs characterized by spectra without coherence peaks

Disorder & Coulomb interaction :

 Continuous decrease of Tc and  with disorder
 Keeps  /Tc ratio constant
 Spatial mesoscopic fluctuations of Tc

Disorder :

 Stong superconducting fluctuations above Tc
 Pseudogap due to preformed Cooper pairs



Magnetic field studies through the SIT
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 Cooper pair insulator ?

InOx Bi
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Magnetic field studies through the SIT


